Quasicrystals are aperiodic structures with no periodicity both in direct and reciprocal space. The diraction pattern of quasicrystals consists however of the periodic series of peaks in the scattering vector space. The intensities of the peaks of all series reduced in a proper way build up the so-called envelope function common for the whole pattern. The Fourier transformed envelope gives the average unit cell which is the statistical distribution of atomic positions in physical space. The distributions lifted to high dimensions correspond to atomic surfaces the basic concept of structural quasicrystals modeling within higher-dimensional approach.
Introduction
Quasicrystals were introduced to physics and materials science in 1984 [1, 2] , two years after Shechtman's discovery. One of the most distinguishing features of quasicrystals is their diraction pattern. The structure of quasicrystals is aperiodic; however their diraction patterns contain sharp peaks, which is the proof of their perfect long-range order. Because of their incompatibility with translational long-range order observed for periodic crystals, the patterns exhibit point symmetries forbidden in classical crystallography (e.g. 5-fold). The reverse reasoning, that is that the structure aperiodicity implies pattern aperiodicity is not true. We show that the periodicities in the diraction patterns of aperiodic structures yield important information about their structure. In this paper three structure models will be analyzed: a 1D quasicrystal the Fibonacci chain, a 2D quasicrystal represented by the rhombic Penrose tiling, and an incommensurately modulated structure with harmonic modulation.
Diraction pattern of the Fibonacci chain
An example of a 1D quasicrystal is represented by the Fibonacci chain of two segments L = τ and S = 1.
Its diraction pattern (Fig. 1a) contains only the Bragg peaks arranged aperiodically. However the aperiodic pattern is a superposition of an innite number of periodic series of peaks [3] . Three such series, marked by m = 0, 1 2, are highlighted in Fig. 1a . Each series has the same periodicity (here k 0 = 2π/a 0 ≈ 4.547, where a 0 = 1/τ 2 ≈ 1.382 is an average distance between points in the chain, τ ≈ 1.618 is the golden mean).
The shift between two series is constant and equal to k 1 = k 0 √ 5 = 2πτ ≈ 10.17. Every peak position k can be reached by using only two periods: k 1 and k 0 . An interesting feature of the pattern appears when we subtract the k 1 component from the coordinates of the peaks. The peak maxima form a curve called envelope (Fig. 1b) . 
Average unit cell for the Fibonacci chain
The envelope curve is the square of a Fourier transform of an average unit cell (AUC). The AUC is a distribution P (u) of reduced atomic positions u = x mod (a 0 ), where x is the atomic position in physical space (Fig. 2a) .
Conversely, we can determine the AUC directly from the diraction pattern and its envelope curve, and obtain the atomic positions. Due to the phase recovery problem this is not straightforward. For a centrosymmetric structure, the phase takes only two values: 0 or π. The phase changes its value every time the envelope function from 
TAU2-scaling
Usually the modulation wave vector q is used to index peak positions: q = k/τ [46] .
To reconstruct the whole pattern the P (u, v) distribution has to be determined where v is a reduced position with respect to the reference frame with period of a 0 τ [46] . This distribution is non-zero only along a certain line (Fig. 2b) . After a proper shift (dashed line in 
Rhombic Penrose tiling
The rhombic Penrose tiling is a paradigmatic example of a 2D quasiperiodic structure. To index all peaks in the diraction pattern one needs to choose two 2D primary wave vectors k 1 and k 2 , and two 2D modulation vectors q 1 and q 2 : q i = k i /τ (Fig. 3) . The peak position is an integer linear combination of these four basis vectors.
The diraction pattern is a set of strictly periodic series of diraction peaks. The expanded AUC for the rhombic Penrose tiling is shown in Fig. 4 . A single AUC consists of four overlapping pentagons (two large ones and two small ones) which are the equivalents of pentagonal atomic surfaces in perpendicular space [7] . 
1D incommensurately modulated structure
Yet another example of a modulated structure is a onedimensional periodic structure with an incommensurate harmonic modulation. The position of an atom in such a structure is given by: x n = na + A sin(q 0 na), with a being the base period, A the modulation amplitude, q 0 the modulation vector (incommensurate with respect to the base period), n an index numbering the atoms. The diraction pattern consists of a periodic series of diraction peaks and satellite peaks (Fig. 6a) . The positions The observed periodicity allows us to construct an AUC for the wave vector k 0 = 2π/a and the incommensurate wave vector q 0 [8] . The correlation between these two vectors is shown in Fig. 6c . It is not linear as distinct from quasicrystals.
Periodicities of the diraction pattern
In Fig. 7 the idea of higher-dimensional description (the cut-and-project method) is schematically shown.
The nodes of a 2D periodic square lattice (with parameter A) restrained to the projection strip are projected onto the physical-space direction x . it is the same for both k and k ⊥ . This clearly follows from Fig. 8 :
The intensity of a given peak is dened by the values of the respective envelope function at k ⊥ = 0.
Correspondence to the high-dimensional approach
Two characteristic features of the diraction pattern of quasicrystals can be easily explained by the construction in Fig. 8 : (1) 
Summary
A diraction pattern can be divided into periodic series of peaks; this is true for periodic crystals, quasicrystals and modulated structures (with commensurate or incommensurate modulation). This approach applies to aperiodic structures like the ThueMorse sequence as well [15] .
We use here the periodicity in the wave vector space (reciprocal space) to construct a reference frame in the phys- 
